The description of the universe evolving in time according to general relativity is given in comparison with the quantum description of the same universe in terms of semiclassical wave functions. The spacetime geometry is determined by the Robertson-Walker metric. It is shown that the main equation of the quantum geometrodynamics is reduced to the non-linear Hamilton-Jacobi equation. Its non-linearity is caused by a new source of the gravitational field, which has a purely quantum dynamical nature, and is additional to ordinary matter sources. In the semiclassical approximation, the non-linear equation of motion is linearized and reduces to the Friedmann equation with the additional quantum source of gravity (or anti-gravity) in the form of the stiff Zel'dovich matter. The semiclassical wave functions of the universe, in which different types of matter-energies dominate, are obtained. As examples, the cases of the domination of radiation, barotropic fluid, or new quantum matter-energy are discussed. The probability of the transition from the quantum state, where radiation dominates into the state, in which barotropic fluid in the form of dust is dominant, is calculated. This probability has the same order of magnitude as the matter density contrast in the era of matter-radiation equality.
Introduction
The quantum theory predicts that the wave properties should be observed in the matter system which this theory describes. The main object of the theory is the state vector (wave function) Ψ. The state vector satisfies the differential equations defined in some configuration space Ω. In the general case, the state vector Ψ is a complex-valued function, and without loss of generality it can always be written as Ψ α = A α e iϕα , where A α and ϕ α are real functions of generalized variables in Ω, α is a set of quantum numbers which characterize the state of the system with the state vector Ψ α . In the region of Ω, where the phase ϕ α varies by a large amount on small scales, the system under investigation can be considered as an almost classical system, in a sense that its wave properties are inessential and can be ignored when calculating parameters of the system [1] . Nevertheless, an almost classical system still has the wave properties. They can give probabilistic character to parameters of the system which have no analogs in classical theory. So, the overlap integral, Ψ α ′ |Ψ α = dΩ A * α ′ A α e i(ϕα−ϕ α ′ ) at α ′ = α, can be nonzero because of the contribution of a subregion in Ω, where the difference ϕ α − ϕ α ′ of two large phases is small. As a result, the spontaneous transition (or transition under the action of an instantaneous perturbation) α → α ′ with the change of physical state of the system becomes possible. Classical and quantum descriptions of physical properties of the same system appear here as complementary without contradiction to each other.
In the present paper, we provide the comparative description of the evolution of the universe as a whole in terms of classical and quantum theories. As is well-known, the universe is subject to classical laws of general relativity on large spacetime scales, whereas on small, comparable with Planck scales, it should be described from the quantum-theoretical perspective. The questions can be posed whether the universe preserves the wave properties during its subsequent evolution and whether these properties can be discovered.
As a working model of spacetime geometry we choose an example of a minisuperspace model with the maximally symmetric geometry described by the RobertsonWalker metric. Despite its relative simplicity, this model may give insights into understanding of a complete theory of quantum cosmology. In Sect. 2, the quantum constraint equations imposed on the state vector of the universe are given. These equations are formulated in the representation of the generalized field variables, such as the cosmic scale factor and the uniform scalar field. The scalar field is described by some Hermitian Hamiltonian. Its mean values with respect to proper state vectors determine the proper energy of matter in the form of barotropic fluid contained in the comoving volume (Sect. 3). As is shown in Sect. 4, the main equation of the theory can be rewritten as the nonlinear Hamilton-Jacobi equation. Its nonlinear part is caused by a new source of the gravitational field, which has a purely quantum dynamical nature, and is additional to ordinary matter sources. In Sect. 5, the classical description of the universe evolving in time according to power and exponential laws are given in comparison with the quantum description of the same universe in the language of wave functions in the semiclassical approximation. The semiclassical wave functions of the universe, in which different types of matter-energies dominate, are obtained. As examples, the cases of the domination of radiation or barotropic fluid are discussed. The case of domination of new quantum matter-energy is special. It is shown that its energy density is negative, while its equation of state coincides with the equation of state of the stiff Zel'dovich matter. Such an energy density dominates in the sub-Planck region. Here the wave function is constant, and the semiclassical equation of motion has an allowed trajectory in imaginary time. The fact that the wave function is non-vanishing near the initial singularity point means that in this region there is some source which provides the origin of the universe with a finite nucleation rate [2, 3] (cf. Refs. [4, 5, 6] ). In Sect. 6, as a supplement, the transition probability of the universe from the state, where radiation dominates, into the state, in which barotropic fluid in the form of dust is dominant, is calculated.
Throughout the paper, unless otherwise specified, the modified Planck system of units is used. As a result, all quantities in the equations become dimensionless. The length l P = 2G /(3πc 3 ) is taken as a unit of length and the ρ P = 3c 4 /(8πGl 2 P ) is used as a unit of energy density and pressure. The mass-energy is measured in units of Planck mass, m P c 2 = c/l P . The proper time τ is taken in units of l P . The time parameter (conformal time) T is expressed in radians. The scalar field is taken in φ P = 3c 4 /(8πG). Here G is Newton's gravitational constant.
Quantum constraint equations
We consider a canonical approach to the quantization of general relativity, in particular quantum geometrodynamics. It is well-known that approaches of this type share a common problem known as the 'problem of time' (see, e.g. Refs. [7, 8] ). The apparent manifestation of this problem is the absence of explicit time parameter in the Wheeler-DeWitt equation considered as the main dynamical equation of the theory.
The way to solve this problem could be rewriting the classical constraint equations to obtain a Schrödinger-type equation, as a preliminary to quantization. Since it was proved that general relativity could not be viewed as a parametrized field theory [9] , a concept of matter clocks and reference fluids was proposed [8] . One approach in this direction goes back to DeWitt, who studied a coupling of clocks to an elastic media [10] . It can be shown that perfect fluids are a special case of DeWitt's relativistic elastic media and that in the velocity-potential formalism for perfect fluids the thermasy can be connected to a clock variable with DeWitt-type coupling [11] . Kijowski et al. have proposed a physical interpretation for the thermasy as a "material time" relating it to "proper time retardation" due to the chaotic motion of the particles of the fluid moving chaotically around the flow lines [12, 13] . The perfect fluid plays a crucial role in the formalism as the "reference fluid", whose particles identify spacetime points, and clocks carried with them identify instants of time (cf. Ref. [8] ).
We are working in the framework of the velocity-potential version of perfectfluid hydrodynamics formulated by Seliger and Whitham [14] , and generalized by Schutz [15] (see also [16] ). In this formalism, the perfect fluid four-velocity U ν is written as a combination of (at least) five scalar fields (potentials) and their gradients. An independent physical interpretation can be given to each potential. So, one potential appears to be the thermasy Θ introduced earlier by van Dantzig [17] ; another is the entropy s, and the other one is the potentialλ for the specific free energy and so on. In the general case, all five potentials are needed in order to describe a relativistic perfect fluid. In the cosmological model with the RobertsonWalker metric and irrotational flows of a perfect fluid, the number of potentials reduces, and the perfect fluid can be described by three potentials: Θ, s, andλ.
Let us consider the homogeneous and isotropic cosmological model and write the Robertson-Walker line element in the form
where a is the cosmic scale factor which is a function of time, T is the time variable connected with the proper time τ by the differential equation dτ = adT , T is the "arc-parameter measure of time": during the interval dτ , a photon moving on a hypersphere of radius a(τ ) covers an arc dT measured in radians [18] . dΩ 2 3 is a line element on a unit three-sphere. Following the ADM formalism [19, 20] , one can extract the so-called lapse function N , that specifies the time reference scale, from the total differential dT : dT = N dη, where η is the "arc time" which coincides with T for N = 1 (cf. Refs. [18, 21] ). In the general case, the function N plays the role of the Lagrange multiplier in the Hamiltonian formalism and it should be taken into account in an appropriate way.
Having in mind mentioned above, we can write down the Hamiltonian for the cosmological system (universe) in the form [22, 23, 24] 
where π a , π Θ , πλ are the momenta canonically conjugate with the variables a, Θ,λ, ρ φ is the energy density of matter (the field φ), ρ γ (ρ 0 , s) is the energy density of a perfect fluid, which defines a material reference frame [10, 11] , and it is a function of the density of the rest mass ρ 0 and the specific entropy s; the Θ is the thermasy which defines the temperature, T = Θ ,ν U ν ; the U ν is the four-velocity; theλ is the potential for the specific Gibbs free energy F taken with an inverse sign,
The N , λ 1 , and λ 2 are the Lagrange multipliers. The Hamiltonian (2) is a linear combination of constraints (expressions in braces) and thus weakly vanishes, H ≈ 0. The variations of the Hamiltonian with respect to N , λ 1 , and λ 2 give three constraint equations,
From the conservation of these constraints in time, it follows that the number of particles of a perfect fluid in the proper volume 1 1 2 a 3 and the specific entropy conserve: E 0 ≡ 1 2 a 3 ρ 0 = const, s = const. Taking into account these conservation laws and vanishing of the momenta conjugate with the variables ρ 0 and s, π ρ = 0 and π s = 0, one can discard degrees of freedom corresponding to these variables, and convert the second-class constraints into first-class constraints in accordance with Dirac's proposal [25] .
It is convenient to choose the perfect fluid with the density ρ γ in the form of relativistic matter (radiation). Then, in Eq. (3) one can put a 4 ρ γ ≡ E = const. The matter field with the energy density ρ φ and pressure p φ can be taken for definiteness in the form of a uniform scalar field φ,
In quantum theory, first-class constraint equations (3) become constraints on the state vector Ψ [25] and, in this way, define the space of physical states, which can be turned into a Hilbert space (cf. Ref. [26] ). Passing from classical variables in Eqs. (2)-(4) to corresponding operators, using the conservation laws, and introducing the non-coordinate co-frame
where h = ργ +pγ ρ 0 is the specific enthalpy, p γ is the pressure of radiation, and y is a supplementary variable, we obtain
is the operator of Hamiltonian of the scalar field φ which is Hermitian, and the operatorρ φ is described by Eq. (4) with π φ = −i∂ φ . Equation (7) is the WheelerDeWitt equation of a minisuperspace model for the universe filled with a scalar field and radiation, when the state vector Ψ does not depend on time. In the approach under consideration, the dependence of the state vector Ψ on time is determined from Eq. (6).
The quantum constraints (6) and (7) can be rewritten in the form of the timedependent Schrödinger-type equation
where
The minus sign before the partial derivative ∂ T is stipulated by the specific character of the cosmological problem, namely that the classical momentum conjugate to the variable a is defined with the minus sign [27, 28] (see below). The partial solution of Eqs. (6) and (7) has a form
where the vector Ψ(T 0 ) ≡ a, φ|ψ satisfies the stationary equation
From the condition
where D[a, φ] is the measure of integration with respect to the fields a and φ chosen in an appropriate way, it follows that the operator (10) is Hermitian: H = H † .
Barotropic fluid
The Hamiltonian of matterĤ φ can be diagonalized by means of some state vectors x|u k in the representation of generalized field variable x = x(a, φ) with the measure of integration D[a, φ] = da dx in Eq. (13) . Assuming that the states |u k are orthonormalized, u k |u k ′ = δ kk ′ , we obtain the equation
which determines the proper energy M k (a) =
is the equation of state parameter. In order to obtain the general form of the proper energy M k (a), let us suppose that the interaction of the uniform scalar field is described by the potential V (φ) = λ α φ α , where λ α is the coupling constant and α takes arbitrary non-negative values, α ≥ 0. Then we find
where ǫ k is an eigenvalue of the equation (−∂ 2 x + x α − ǫ k )|u k = 0, and x = , where ǫ k < ∞ and |u k has the asymptotics in the form of cylindrical function. In the case α = ∞, the field φ, averaged over the states |u k , reduces to the stiff Zel'dovich matter with the density ρ m = 2ǫ k a 6 .
Non-linear Hamilton-Jacobi equation
Assuming that the set of vectors |u k is complete, k |u k u k | = 1, the solution of Eq. (12) can be represented in the form of the superposition of states of the universe with the substance in the kth state in any form described above. We have
where the wave function f (a) ≡ u k |ψ satisfies the equation
The index k is omitted here and below, since in what follows we consider the universe with the proper energy of the substance in a specific kth state, M k (a) ≡ M (a). Because the operator (10) is Hermitian, it follows that the operator on the left-hand side of Eq. (18) is Hermitian as well. This equation determines the wave function corresponding to the particular eigenvalue E. Depending on the form of M (a), the constant E can take the values lying in a discrete or continuous spectrum of the states of the proper energy of radiation M γ = and pressure p γ = 1 3 ρ γ . Thus, the value of the constant E is determined through the quantum numbers enumerating the states of the substance and radiation.
We look for the solution of Eq. (18) in the form of the wave propagating along
where A is the normalizing constant, and the phase S(a) is a complex function
(with S R and S I real). In the general case, the solution of Eq. (18) is the superposition of the wave function f (a) and its complex conjugate f * (a). Substituting Eq. (19) into Eq. (18), we find that S R (a) satisfies the non-linear equation
where the function
describes the new source of the gravitational field with the energy density
which is additional to the ordinary matter (substance and radiation). This source has the quantum dynamical nature. It emerges as a result of expansion (or contraction) of the universe as a whole. The equation of state of quantum source of matter-energy has a form
where p Q is the pressure, and
is the equation of state parameter. The first term in Eq. (25) 
In order to clarify the physical meaning of the quantum correction in Eq. (21), we rewrite the source function Q(a) as
where Eq. (26) was used. It follows from here that if the imaginary part S I of the phase (20) is a slowly varying function of a, then one can set Q(a) ≈ 0. In this case, Eq. (21) becomes the Hamilton-Jacobi equation for the classical action S cl and the wave function (19) takes the form
It describes the quantum universe in the semiclassical approximation, when S R = S cl . In classical mechanics, the momentum is equal to the first derivative of the action with respect to the generalized coordinate. In general relativity, Hamilton's equations of motion lead to [28] 
where we denoteȧ = da dτ . Equations (28) and (29) describe the same universe, but from the different point of view, namely as the quantum system in the approximation S R = S cl or as the classical object obeying the laws of general relativity.
To determine the physical meaning of the derivative ∂ a S R , we calculate the probability flux density for the universe to be a hypersurface with radius a in a four-dimensional space. From Eq. (21), it follows that the probability flux density is described by the expression
Taking into account Eq. (19), we find
where |f | 2 = |A| 2 e −2S I is the probability density of the universe to have the scale factor a. Equation (31) shows that the wave function (19) describes the expansion of the universe as a whole with the generalized momentum ∂ a S R . The generalized action S R is the solution of the non-linear Hamilton-Jacobi equation (21) . One can make sure that the energy density (23) is the quantum correction to the energy density of the substance and radiation by rewriting Eq. (21) in dimensional physical units
are the energy densities of the substance, radiation, and quantum addition measured in GeV/cm 3 . Here a is taken in cm, M (a) in GeV, E in GeV cm ( c), S R in GeV s ( ), whereas Q is in cm −2 and it has the same form as in Eq. (22). From Eq. (32), it follows that the quantum correction is proportional to 2 . In the formal limit → 0, Eq. (32) turns into the Hamilton-Jacobi equation of general relativity. A more rigorous approach requires the change to dimensionless variables which do not contain dimensional fundamental constants G, c, and . The impact of the quantum correction Q(a) on the dynamics of the universe as a whole is determined by how quickly the amplitude A e −S I (a) of the wave function (19) changes with a. In Eq. (21), this impact depends on how its terms behave with increasing (decreasing) of a. In the models, in which Eq. (18) can be integrated exactly, Eq. (21) also admits a solution in an analytical form [22, 23] .
Classical-quantum correspondence
In order to determine the correspondence between classical and quantum description of the same physical system, we consider the specific model of the universe. Let us assume that the universe evolves in time τ with a power-law scale factor
where α and β are some arbitrary constants 2 . Then the generalized momentum in the semiclassical approximation is equal to
and the quantum source function (22) takes the form
where the numerator
does not depend on a. Universal dependence of the source function (36) on the scale factor allows one to find the equation of state for quantum matter-energy for any values of the parameters α and β. So, it follows from Eq. (25) and (36) that the equation of state parameter (25) is w Q = 1, and the energy density decreases with the increase of a according to the law
As was mentioned in Sect. 3, the stiff Zel'dovich matter has such a density. The energy density of this quantum matter can be negative ( From the point of view of quantum theory, the expansion of the universe with the scale factor (34) is described by the semiclassical wave function
and
The complex conjugate function f * α (a) corresponds to the wave propagating towards the initial cosmological singularity point, a = 0, and describes the contracting universe.
In the limit of infinitely large values of α, we have
and the quantum correction in Eq. (21) equals
The same additional term is produced by the universe expanding exponentially.
where ρ v is some constant (e.g. ρ v = Λ 3 , where Λ is the cosmological constant), we calculate the momentum of the universe
Substituting (44) into Eq. (22), we obtain the quantum correction in the form (42).
The exponentially expanding universe is described by the semiclassical wave function
At infinity this function vanishes, but it diverges at the point a = 0. However, this point is inaccessible, since τ ≥ 0 in Eq. (43). The function (45) can be normalized to a constant. The probability flux density (31) for the wave function (45) is
The approximation (36) linearizes Eq. (21), and it can be considered as the Hamilton-Jacobi equation for the generalized action S R with the additional source of the gravitational field with the energy density (38). Using Eq. (35), this equation can be easily reduced to the Friedmann equation for the Hubble expansion rate H =ȧ a . In the semiclassical approximation, ∂ a S R = −aȧ, we have
In addition to the energy density of the substance (∼ M a −3 ) and radiation (∼ a −4 ), this equation contains the energy density of the quantum source (∼ a −6 ). Let us find out what restriction on the solutions of Eqs. (21) and (47) is imposed by Eq. (34). Since it is assumed that the universe evolves according to the law (34) with a given α, then, according to the standard model, it means that the approximation of a single component domination in the total energy density of matter energy ρ is used. It has a form [29, 30] 
Substitution of Eqs. (35) and (36) into Eq. (21) gives the condition
Let α = 
Then from Eq. (47), we obtain
if Eq. (34) is used. This equation describes the spatially flat universe, in which radiation dominates. Hence, the model (34) does not contradict Eq. (47). Such a universe expands with constant momentum
and, according to Eq. (22), an additional quantum source of energy is not generated, Q(a) = 0. The quantum properties of such a universe are described by the wave function
This function is a solution to Eq. (18) in which the terms a 2 and 2aM (a) are omitted, i.e. the quantum universe is spatially flat and contains nothing but radiation. Comparing Eq. (53) with Eq. (39) at α = 1 2 , we find the constant β of Eq. (34)
This expression coincides with the one that can be obtained directly from the solution of Eq. (47) in the approximation specified above. The wave function of the continuous state f 1 2 (a) ≡ f 1 2 (a; E) (53) can be normalized to a delta-function
This condition determines the normalizing constant A 1 2 (up to inessential phase factor),
According to Eqs. (52) and (54), the probability flux density (31) for the universe with the wave function (53) and the amplitude from Eq. (56) does not depend on a and E, and it equals
In this case, the conservation law is fulfilled, ∂ a J 1 2 = 0. The minus sign in Eq. (57) shows that the matter flux is directed away from the observer, i.e. matter objects (galaxies) move away from the observer demonstrating the effect of expansion of the universe.
Using the wave packet (proper differential)
with the width 2δ ≪ 1, δ > 0, the wave function f 1 2 (a; E) can be normalized to unity as follows:
From Eqs. (55) and (58), it follows that the integral (59) does not depend on δ. The smaller is δ, the wave packet (58) reproduces the wave function (53) with greater accuracy. The wave function (53) with the amplitude (56) can be interpreted as a part of the de Broglie wave propagating along a with the momentum ∂ a S R = − √ E. In the case α = 
and Eq. (47) gives the Hubble expansion rate
The latter equation describes the spatially flat universe, where non-relativistic matter with the mass M (a) ≡ M = const dominates. In this case, the constant β is determined by Eqs. (62) and (47), in which domination of matter is taken into account
The universe expands as a whole with the momentum
The wave function has a form 75) which takes into account the domination of quantum correction (72) on scales a < 1 demonstrates that, according to Eq. (79), the initial cosmological singularity lies in the non-physical region of imaginary values of a and it is inaccessible from the point of view of general relativity. Moreover, if one takes into account quantum effects in the region a < 1, it will allow one to revise the properties of the universe on sub-Planck scales. Quantum-mechanical description of the universe in semiclassical approximation admits the possibility of an origin of the universe from the sub-Planck domain. As is shown in Refs. [2, 3] , the origin of the universe is accompanied by a change in space-time topology, so that the geometry conformal to a unit four-sphere in a five-dimensional Euclidean flat space changes into the geometry conformal to a unit four-hyperboloid embedded in a five-dimensional Lorentz-signatured flat space. On the boundary, where these two subregions adjoin each other, there is a jump with change of metric signature [5, 6] .
